Abstract. This paper presents a second order sliding mode control method to stabilize a class of underactuated systems. In the controller design, the sliding manifold is designed by the nominal linear combination of position and velocity tracking errors of two system states, this can stabilize the indirectly controlled modes. The four coefficients of sliding manifold are obtained via Hurwitz condition in the system stability analysis process. In addition, simulation results are presented for a translator oscillator with rotational actuator (TORA) and an inverted pendulum as two examples of a class of underactuated systems. In both cases, the proposed control method is shown to be effective in the presence of stabilization and tracking control.
Introduction
Considering that a large class of mechanical systems are underactuated in various applications, the control studies of these systems have been growing strongly. These systems are characterized by the fact that they have more degrees of freedom to be controlled than the number of independent control inputs.
In allusion to the underactuated systems, many control researchers have given considerable attention to design control schemes, and different control strategies have been developed. A sliding mode control approach was proposed to stabilize a class of underactuated systems [1] . A nonlinear robust adaptive control strategy was proposed to force a six degrees of freedom underactuated underwater vehicle with four actuators to follow a predefined path [2] . A method was presented to design a controller forcing position and orientation of underactuated ships to globally track a reference trajectory [3] . In [4] , a viable control was proposed for a class of underactuated systems.
In this paper, a second order sliding mode control method is presented to make all states converge to their desired values, including those which are indirectly actuated through the nonlinear coupling. In the controller design, the sliding manifold is constructed by combining the position and velocity tracking errors of two states in a nominal linear form [5, 6] , which brings four coefficients associated with two states. The coefficients can be calculated via Hurwitz condition, and the corresponding controller is derived by Lyapunov theory.
System Model
Consider the equations of a class of underactuated systems described in the form of ,   2  2  1  1  2  2  2  1  1  2  2   2  2  1  1  1  2  2  1  1  1 
Controller Design
The sliding manifold is defined as a combination of position and velocity tracking errors of two states. The manifold is given as 
In order to avoid the singular point, here, it is needed to assume 0
, the exponential approach law is defined as
where the coefficients of the exponential approach law 0   and 0   . Substituting Eq. 4 into Eq. 3, then, the second order sliding mode controller is designed as
Theorem. Considering the underactuated system and assuming all state information available, the second order sliding mode controller is designed as the Eq.5. Under the second order sliding mode control, all states of the system will be asymptotically convergent in their desired values.
Proof. A Lyapunov function candidate can be selected as 2 / 2 s V  . Differentiating V and substituting Eq. 3, Eq. 4 and Eq. 5 yield
Therefore, under the controller Eq. 5, the system can reach and thereafter stay on the sliding manifold 0 
Let . Substituting Eq. 7 into Eq. 8, the cascaded form is obtained as: 
When the states are close to their desired equilibrium points, i.e., , then, .Invoking the Eq. 1, Eq. 5 and Eq. 7, then Eq. 9 can be translated into 
After the linearization around the equilibrium points, the new cascaded form is obtained as denotes the real part of the leftmost eigenvalues of the matrix A in the negative half plane, the matrix A is Hurwitz, the system is asymptotically stable near the desired equilibrium points [1, 5, 6] . Thus, it is only necessary to consider the stability of
and the desired eigenvalue equation is selected as 0 ) )( )( (
where Thus, all states can be driven to their desired values, respectively. This concludes the proof.
Simulation Examples

TORA Example
The translational oscillator with rotational actuator (TORA) is often of independent interest to sever as a benchmark system to evaluate the performance of different control methods [1, [7] [8] [9] . Consider the TORA shown in Fig. 1 , the dynamic equations of the TORA system are described by
where c m and m are the cart and arm masses, l is the arm's length, g is the acceleration due to gravity, I is the inertia of the pendulum. The TORA system can be translated into the form of Eq. 1
A simulation is implemented on the TORA system, the system parameters are given as [10] 
Inverted Pendulum Example
The inverted pendulum is a well-known unstable and underactuated system [11] [12] [13] . Consider the inverted pendulum shown in Fig. 5 , the control objective is to stabilize the pendulum at its unstable equilibrium point, while positioning the cart at a desired location. The motion equations of the inverted pendulum are given as: The simulation results are shown in Figs.6-8. From the simulation results, it is easy to seen that the states asymptotically converge to the desired position and angle in finite time.
Conclusions
This paper develops a second order sliding mode control method to globally stabilize a class of underactuated systems. Two examples are used to evaluate the performance of the proposed control method, and the simulation results illustrate that the proposed method is effective to design the controller which successfully stabilize the underactuated systems.
